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! Abstract 



> 



The purpose the present paper is to construct the hyperbohc trigonometry on Eu- 
chdean plane without refereing to hyperbohc plane. In this paper we show that the 
concept of hyperbolic angle and its functions forming the hyperbolic trigonometry give 
iC) • arise on Euclidean plane in a natural way. The method is based on a key- formula estab- 

i lishing a relationship between exponential function and the ratio of two segments. This 

formula opens a straightforward pathway to hyperbolic trigonometry on the Euclidean 
plane. The hyperbolic law of cosines I and II and the hyperbolic law of sines are derived 
, by using of the key-formula and the methods of Euclidean Geometry, only. It is shown 

that these laws are consequences of the interrelations between distances and radii of the 
intersecting semi-circles. 

> : 

^ ■ 1 Introduction 

Traditionally interrelations between angles and sides of a triangle are described by the trigonom- 
etry via periodic sine-cosine functions. The concept of the angle in Euclidean plane is intimately 
related with the figure of a circle and with motion of a point along the circumference. 

The hyperbolic trigonometry also intimately is related with the circle reflecting the "hyper- 
bolic" properties of the circles. The properties of a triangle formed by intersection of three semi- 
circles plays a principal role in the upper half-plane model of the hyperbolic plane ( Lobachevskii 
plane). There are several models for the hyperbolic plane [1], however all these models use the 
same idea as upper half-plane model H [3], [2]. The geometry of the hyperbolic plane within 
the framework of H model is studied by considering quantities invariant under an action of the 
general Mobius group, which consists of compositions of Mobius transformations and reflections 
[4]. The model of the hyperbolic plane is the upper half-plane model. The underlining space of 
this model is the upper half-plane H in the complex plane C defined to be 

H = {zeC : Im{z) > 0}. 
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It is used the usual notion of point that H inherits from C. It is also used the usual notion of 
angle that H inherits from C, that is, the angle between two curves in H is defined to be the 
angle between the curves when they are considered to be curves in C, which in turn is defined 
to be the angle between their tangent lines. Usually it is thought that the hyperbolic laws of 
cosines and sines in the upper half-plane model are consequences of a special structure of the 
complex plane. 

The purpose the present paper is to construct the hyperbolic trigonometry on Euclidean 
plane without refereing to hyperbolic plane. The principal goal of the paper is to show that 
the concept of hyperbolic angle and its functions forming the hyperbolic trigonometry give arise 
on Euclidean plane in a natural way. Our method is based on one simple but useful formula of 
the hyperbolic calculus which we denominated as a Key-formula. The Key-formula establishes 
relationship between exponential function and the ratio of two quantities. This formula opens 
the straightforward pathway to hyperbolic trigonometry on Euclidean plane. It is well-known, 
the hyperbolic "law of sines" and the hyperbolic "law of cosines 11" are derived from the 
hyperbolic law of cosines I by algebraic manipulation [3], [2]. In this paper, we prove all three 
laws separately on making use of interrelations between distances between centers and radii of 
circles on Euclidean plane, only. 

In Section 2 the Key-formula of hyperbolic calcuhis is substantiated. On making use of the 
Key-formula elements of the right-angled triangle are expressed via hyperbolic trigonometry. 
In Section 3, two main relationships between elements of the triangle formed by intersections of 
semicircles is established. In Section 4, the theorem of cosines for the triangle formed by three 
intersecting semicircles, denominated as hyperbolic "law of cosines I", is proved. In Section 5, 
the hyperbolic "law of sines" and the hyperbolic "law of cosines II" are derived on making use 
of the main relationships between thee circles. 

2 Hyperbolic trigonometry in Euclidean Geometry 

2.1 Key- formula of hyperbolic calculus. 

The Key-formula of hyperbolic calculus has been established in Ref.[5]. Let a = a{s), b = 
b{s) are real functions of the parameter s. If the difference (a — b) does not depend of the 
parameter s then the following formula holds true 



The formula (2.2) constitutes a substance what we shall refer as Key-formula. The main 
advantage of the Key-formula is the following: the argument of the exponential function is 
proportional to the difference between the nominator and the denominator, if this difference is 
a constant. 

If (o — b) does not depend of s then functions a and b can be presented as follows 



where ao, bo are constants. For the ratio of these constants find 0o satisfying the equation 



exp((a — b)s) 



a 



(2.1) 



b 



a^ao + Y{s), b^bQ + Y{s), 



exp((ao - bo)(j)o) = -j-. 



Since a shift of the pair {ao, &o} by Y does not change (oq 



bo), one may write. 




= - = exp((ao - 6o)(0o + S)) 



exp((a — b)4)). 



(2.2) 
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2.2 Elements of right-angled triangle as functions of a hyperbolic argument . 

Let AABC be a right-angled triangle with right angle at C. Denote the sides by a, b, the 
hypotenuse by c, the angles opposite by A, B, C, correspondingly Circular functions of the 
angles are defined in the usual way. For instance, 

b b , , 

sinS = -, tanS=-. (2.3) 
c a 

These two ratios are functions of the same angle B. Our purpose is to introduce an hyperbolic 
angle in a such way that these ratios will be expressed as functions of unique hyperbolic angle. 
This achieved as follows. Define the hyperbolic angle ^ by the following relation 

^=exp(20. (2.4) 
c — a 

From this equation it follows 

^ = tanh(0, ^ = sinh(e). (2.5) 
This leads to the following interrelations between circular and hyperbolic trigonometry 

cosS = - = tanh(f), tan A = - = . } (2.6) 
c a smh(^) ^ ^ 

Now let us explore the same problem by using a geometrical motion. We shall change sides 
b and c remaining unchanged the side a and the right angle C. Since the length a is a constant 
of this motion, in agreement with Key- formula (2.2), we write 

^^ = exp(2a0). (2.7) 
c — a 

Notice, now the argument of exponential function in (2.6) is proportional to a: ^ = a0, where 
(/> is a parameter of the evolution. Formulae (2.6) are re- written as 

cosB — - — tanh(a0), tanB — - = — — -. (2.8) 
c a sinh(a0) 

It is interesting to observe that within these representation we are able to find a limit for 
a — 0. In fact, at this limit we get 

c(a = 0) = b(a = 0) = ^ 



The relations between circular and hyperbolic trigonometry (2.8) also may be put into other 
form, for instance, 

cots = sinh(a0), (2.9) 

or, 

tan — = exp(— a0). (2-10) 

Install the triangle AABC in such a way that the side b lies on horizontal axis X, the side 
a is perpendicular to this line at the point C (Fig.l). The fine c cuts X in A. The point of 
intersection A may continue moving, and the distance AC tends to infinity. 

Let us recall the problem of parallel lines in Geometry. 
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The ray AB then tends to a definite hmiting position BL, and BL is said to be parallel to 
X. As the point A moves along X away from C there are two possibilities to consider: 

(1) In Euclidean Geometry, the angle between two lines BL and BC is equal to right angle. 

(2) The hypothesis of Hyperbolic Geometry is that this angle less than the right angle. 
The most fundamental formula of the Hyperbolic Geometry is the formula connecting the 

parallel angle 11(d) and the length d. In order to establish those relationship the concept of 
horocycles, some circles with center and axis at infinity, were introduced [6] . The great theorem 
which enables one to introduce the circular functions, sines and cosines of an angle is that the 
geometry of shortest lines (horocycles) traced on horosphere is the same as plane Euclidean 
geometry. The function connecting the parallel angle with the distance d is given by 

exp(--)=tan^^M. (2.11) 
Now, introduce in (2.10) the value inverse to 0, = ^, and write (2.10) in the form 

exp(-^)=tan|. (2.12) 

Let the point to tend to infinity. The following two cases can be considered. 

(1) will tend to zero, /C — ^ cxo. and LB — >■ |. 
This is true in Euclidean Geometry. 

(2) Suppose that 0, K, and the angle B go to some limited values, 

lim /C = K, lim5 = H(a). (2.13) 

AC— >-oo 

In this way, from (2.10) we come to main formula of hyperbolic geometry. 
3.2 Rotational motion of a line tangent to the semicircle. 

Let us explore a motion of the line L around the semicircle C remaining tangent to the 
semicircle [5]. 

Draw semicircle C (Fig. 2) end-points and the center of which lie on horizontal axis, X-axis. 
Denote by B center of the semicircle and by Ki, K-i end-points of the semicircle on X-axis. 
Draw the fine L tangent to the semicircle at the point C. This fine intersects with X-axis at 
the point A. Through end-points of the semicircle, Ki, K2., erect the fines parallel to vertical 
axis, y-axis. The intersections of these lines with line L denote by P\ and P2, correspondingly. 
Draw line parallel to Y-axis from the center B which acroses C at the point X, at the top of 
the semicircle C This line intersects with the line L at the point M\. From point M\ draw 
horizontal line which acroses the vertical line K2P2 at the point M2. 

Denote by r radius of the circle, so that r = BN — BC. Denote by the angle between 
AB and BC. The angle ZC is rectangle, so that 

{ABf - {ACf = r\ (2.14) 

Consider rotational motion of the line C around semicircle C remaining tangent to C where the 
point C runs between points Ki and N. During of the motion the length of segments AC and 
AB will change, but the triangle remains to be right-angled. This is exactly the case considered 
above, difference is that now AABC installed in another position with respect to horizontal 
X-axis. We have seen, this evolution process is described by equations 

AB = rcoth(n, AC= — (2.15) 

smh(0 
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where ^ = r(j). 

From similarity of triangles AABC and AAKiPi we find 



Consequently, 
Then, obviously. 
Furthermore, 



^ = ^=smhtt). (2.16) 

PiKi = AKi sinh(0 = (AB - r) sinh(0 = r exp(-0. (2.17) 
P2i^2 = rexp(0. (2.18) 

5Mi = ^^^i-^-^^ = rcosh(^), P2M2 -rsinh(0, (2.19) 

Thus, all segments of the lines in Fig. 2 can be expressed via hyperbolic angle ^ and the radius of 
the semicircle r. On the basis of obtained formulae the following relationships between circular 
and hyperbolic trigonometric functions are established 

sin(5) = ^^^i^, cot(B) = sinh(0 cos(B) = tanh(0. (2.20) 

3 Relationships between elements of three intersecting 
semicircles 

3.1 Hyperbolic cosine- sine functions of arcs of the semicircle. 

Up till now we were able to define hyperbolic trigonometric functions of the arcs originated 
from the top N ( for variable ^). Now let us calculate trigonometric functions of the arcs with 
arbitrary end-points on the semicircle. Consider arc A1A2 defined in the first quadrant of the 
semicircle with end-points at the points Ai and A2 where NA2 < NAi. Since we are able to 
calculate arcs with the origin installed on the top of the semicircle ( for variable ^), we shall 
present this segment on the circle as difference of two segments both originated from the top 
of the semicircle. For example, 

aZA2 = NAi - NA2- 

Then, 

cosh A^2 = cosh NAi cosh NA2 - sinh NAi sinh NA2, 

sinh A^2 = sinh NAi cosh NA2 - cosh NAi sinh NA2. (3.1) 

Denote by ai,a2 the angles formed by radiuses OaAi and Oa^2 with X-axis, correspondingly. 
Then the functions 

coshTVAi, cosh7V]42, sinhTVAi, sinhNAi, 
are expressed via circular trigonometric functions as follows 

cosh ATAi = — ^ — , cosh7Vv42 = — ^ — , sinh A'"Ai = cotai, sinh TV A2 = cot 02. (3.2) 

sin tti sin 02 

On making use of equations (3.2) in (3.1), we get 

coshA7A2='—^^^^^^^^^^, sinh A7A2 (3.3) 
sin ai sin 02 sini sin 02 
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3.2 The main relationships between elements of the triangle formed by inter- 
sections of semicircles. 

In Fig. 3 three intersecting semicircles with centers installed on horizontal axis at the points 
Oa, Ob, Oc are presented. Intersections of the circumferences form triangle AABC bounded by 
segments of the circumferences a — BC, c — AB, b — AC. Connect vertex of the triangle 
with centers of the circle by corresponding radiuses. Denote by ak,bk,C}~,k = 1,2 the angles 
bounded by the radiuses and X-axis, where ai > a2 > 0, 6i > 62 > 0, Ci > C2 > 0. By making 
use of (3.3) define hyperbolic cosine-sine functions corresponding to bounding segments 

1 — cos oi cos 02 , cos ai — cos / . \ 

cosh a = , smha = , (3.4a) 

sin ai sm 02 sm ai sin 02 

, , 1- cos 61 cos 62 . , , cos 61 -cos 62 /o .,\ 

cosh b = ; — : — ; , smh = ; — : — ; — , (3.46) 

sm bi sm 02 sm bi sm 02 

, 1 — COSC1COSC2 . . COSCi— COSC2 ,^ , . 

coshc= , smhc= . (3.4c) 

sm Ci sm C2 sm Ci sm C2 

It is used the usual notion of the angle, that is, the angle between two curves is defined as 
an angle between their tangent lines. Let the angles a,/?, 7 be angles at the vertex A,B,C, 
correspondingly^ For these angles we can define its proper cosine and sine functions. The angles 
of the triangle AABC a, /3, 7, are closely related with angles ai, 02, 61, 62, ci, C2. From draught 
in Fig. 3 we find the following relationships between them 

P — a2 + C2, S — TT — ai — b2, a — bi — C\. (3.5) 

Then, 

cos a = cos bi cos Ci + sin bi sin Ci, (3.6a) 

cos (3 = cos a2 cos C2 — sin 02 sin C2, (3.66) 

cos 5 — — cos 62 cos tti + sin 62 sin ai , (3.6c) 

sin a — sin bi cos ci — cos 61 sin ci, (3.7a) 

sin /5 = sin 02 cos C2 + cos 02 sin C2, (3.76) 

sin 5 — sin 62 cos ai -|- cos 62 sin ai. (3.7c) 
Denote distances between centers by 

Ocb = OcOb, Oba = ObOa, Oae = 0„0,. 

The theorem of sines employed for triangles OcAOb, ObCOa, OcBOa gives six relations of type 

(3.8a) 

(3.86) 
(3.8c) 

From these relations it follows the first set of main relationships: 
Relation I. 

Ta sin ai = Tft sin 62, Tc sin C2 = sin a2, Tc sin ci = sin 61, (3.9) 



sin a 


sin ci 


sin 61 


Ocb 


n 


rc 


sin 7 


sin tti 


sin 62 


Oba 


n 


ra 


sin (3 


sin C2 


sin a2 


Oac 


ra 


rc 
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Prom the draught in Fig. 3 it is seen that 

Oac = Oka + O,,, (3.10) 

where 

Oac = J^c cos C2 + Ta cos 02, Ofea = COS tti + Tfo COS 62 ■ (3-11) 

Hence, 

Ocb — cos C2 + Ta COS 02 — COS Oi — Tft COS 62- (3-12) 

From vertices of AABC erect hnes perpendicular to horizontal line, which intersect X-axis at 
points hA,hB,hc, correspondingly. From the draught in Fig. 3 we find that 

Ocb — OJlA — flAOf, — Tc cos Ci — COS hi- (3.13) 

By equating (3.12) with (3.13) we arrive to another main relationship between radii and angles: 

Relation II. 

Tc COS Ci — Tb COS hi — Tc COS C2 + Ta COS 02 — Ta COS Oi — Tfo COS 62- (3-14) 

We shall effect a simphfication by using the following designations. 

Ta COS Oi = Wol, Ta siu Oi = Wi, Ta COS O2 = foi, Ta siu 02 = f 1, 

n COS 61 = 1002, n sin 61 = 102, r;, cos 62 = ^02, ''ft sin 62 = ■f^2, 
Tc COS ci = woa, r-c sin ci = 103, Tc cos C2 = vos, sin C2 = ^3. 
In these designations formulae (3.6a,b,c) and (3.7a,b,c) are written as follows 

r^jTc sin a = W2Wq^ - W02W3, cos a = 10021^03 + W2Ws, (3.15o) 

r„rcSin/3 = ^1^03 + V01V3, VcCos/? = z;oit;o3 - ^'i^^s, (3.156) 
ran sin 6 = V2W01 + V02W1, Van cos S = V2W1 - ^;o2W'oi, (3.15c) 
Formulae (3.4a,b,c) for hyperbolic sines and cosines are re-written as follows 

cosh o 

cosh b 
coshc 

The equations of main Relation I now take the form 

X -=102 = W3, y:= vi = V3, z := wi = V2. (3-17) 
Equations (3.8)-(3.11) are re-written as follows 

Ocb = Wo3 - W02, Oac = V03 + Vqi, Oba = Wol + Vo2- 



IWOI^'OI 



WiVi 



rg - W02^;02 

W2V2 

rl - WQ3VQ3 

W3V3 



smho = Ta , 

WiVi 

W02 - Vq2 



sinh b — rh 
sinh c — Tc 



W2V2 

W03 - f 03 

W3V3 



(3.16) 
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Correspondingly, the main Relation II takes the form 

W03 - W02 = V03 + ^^01 - WOl " Vo2- (3.18) 

This expresses the fact that Oca is a sum of Oct and Oba- Notice, equation (3.18) can be 
re-written also in another equivalent form, namely, 

W03 - Vo3 = 1^02 - Vo2 " (wqi - Vqi) ■ (3.19) 

Denote the segments -projections of sides of AABC on X-axis by V{AC) = hAhc, V{AB) = 
hAhs, V{BC) = hshc- From the draught in Fig.3 it is seen that 

ViAC) = ViAB) + V{BC), (3.20) 

where 

V{BC) = woi - Vol, ViAC) = wo2 - vo2, V{AB) = wo3 - V03. 



4 Hyperbolic law of cosines I for the triangle formed by 
intersection of three semicircles 

The main aim of this section is to prove the hyperbolic law - theorem of cosines I for triangle 
AABC formed by intersection of semicircles with centers installed on X-axis (Fig.3) which is 
given by the set of three equations 

cosh c = cosh a cosh b — sinh a sinh b cos S, 

cosh b = cosh a cosh c — sinh c sinh a cos 
cosh a — cosh c cosh b — sinh c sinh b cos a. 
Theorem of cosines I. 

The following equation for elements of the triangle AABC formed by intersection of three 
circles holds true 

cosh c = cosh a cosh b — sinh a sinh b cos S. (4.1) 

Proof 

Square both sides of the main Relation II to obtain 

{W03 - Vosf = {Wo2 - Vo2f + (Wqi - Voif - 2{wo2 - ^;02)(^«01 " ^Ol), (4.2) 

and evaluate this equality by taking into account formulae (3.15)-(3.16). First of all, evaluate 
the left-hand side of this as follows 

^03 + ™03 - 2i;o3Wo3 = + wl^ - 2rl + 2(r^ - Wos^oa), (4.3) 

and, notice that 

2re' = wl^ + wl + vl^ + vl . (4.4) 
Transform (4.3) into the following form 

2,2 o2 2,2 /2|2|2,2\ /2|2\ //icN 

^03 + «^03 - = %3 + - (^03 + + ^;o3 + %) = -(«^3 + ^3)- (4-5) 
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Equation (4.2) is written as 

- {wl + vl) +2{rl - V03WQ3) = {wo2 - VQ2f + {woi - voif - 2{wo2 - ^^o2)(w^oi - ^^oi)- (4.6) 

V ' 

The underlined term pass from the left-hand side to the right-hand side of the equation. Then 
in the left-hand side we remain with the expression 

2{rl - V03W03) = 2 V3W3 coshc. (4.7) 

We arrive to the following equation 

2 t)3W3COShc = ( wl + vl + {V02 - Wo2)^ + (^01 " ^oi)^ - 2(^02 - Wo2)(t^01 " Wol) )• (4.8) 

V3W3 

Prom the second main Relation I we use = W2, V3 — Vi. This makes true the following 
equation 

111 

= V2W1. (4.9) 

W2V2 WiVi 

The factor of the right-hand side of (4.8) replace by the right-hand side of (4.9). In this way 
we come to the following equation 

2 cosh c = 

— —{ V2Wi{ wl + vl + {Vo2-Wo2f + {Voi-Woi f )}-2— — V2W1 {Vo2 - t«02)(^^01 " Wqi) . 

W2V2 WiVi W2V2 WiVi 



(4.10) 

Evaluate now underlined term in the right-hand side of equation (4.10), which we firstly trans- 
form as follows 

2(f02 - Wq2)[Vqi - Wqi) V2W1 = 2 . (4.11) 

W2V2W1V1 ran W2V2 WiVi 

Then, use the second of equations of (3.15c) written as 

V2W1 j.^Vo2Woi 

= cosd-| . (4-12) 

Tan Tan 

By making use of equation (4.12) we are able to evaluate equation (4.11) as follows 

r, V2Wl n{Vo2 - WQ2) ra{Vm - Wqi) ^ 
Tan W2V2 WiVi 

2( COS 5 H ) — ^ — ^ — 

ran W2V2 WiVi 

o r '^6(^02 - ^^02) Taivoi - Wqi) {vo2 - W02) {voi " Wqi) 

2coso — ^ — ^ — 2'i;o2'i/^oi^ — 

W2V2 WiVi W2V2 WiVi 

= 2cos5 sinhasinhfe — 2t;o2iWoi-^— ^^(j^ (4.13) 

' " ' W2V2 WiVi 

Replace underlined term of (4.10) by (4.13), and pass the underlined expression of (4.13) to 
the left-hand side of obtained equation. As a result, we come to the following equation 

2 cosh c — 2 cos S sinh b sinh a — 
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{v2Wi ( W2+^? + («^o2-^^o2)^ + (w^oi-^oi)^)-2^;o2«^oi(«'o2-^^o2)(woi-^;oi) }• (5-14) 

W2V2WIVI 

On making use of elementary algebra one may show that (see, the section Appendix), 

V2W1 {wl + vl + {W02 - ^02)^ + (Woi - Voi)^ ) - 2vo2Woiiwo2 - Vo2)iwoi - Vqi) = 

'^irl - voiwoi) (rl - Vo2Wo2)- (4.15) 
Now, substitute (4.15) into (4.14) and take into account (3.16). This gives 

1 



- VoiWoi)(r,^ - ^'02«^02) = 2 cosh a cosh b, (4-16) 

W1V1V2W2 

by using of which we arrive from (4.14) to the following equation 

2 cosh c — 2 cosh a cosh b — 2 cos 5 sinh a sinh b. (4-17) 

End of Proof. 

The other two equations of the law, obviously, are proved analogously. 

5 Hyperbolic laws of sines and cosines II 

The main task of this section is to prove Hyperbolic law (theorem) of sines , which is given by 
the formulae 

sinh a sinhfe sinhc ,_ ^, 

—. = = 5.1 

sm a sm p sm 

and the Hyperbolic law (theorem) of cosines //given by the formulae 

cos 6 = — cos a cos /3 — sin a sin /3 cosh c, (5.2) 

cos P — — cos a cos S — cosh b sin a sin S, (5.3) 

cos a — — cos /3 cos S — cosh a sin 5 sin /3. (5.4) 

5.1 Hyperbolic theorem of sines and its geometrical interpretation on Euclidean 
plane. 

Lemma 5.1 

The ratios of projections of the sides of triangle AABC on X-axis to corresponding distances 
between centers of the semicircles are equal to each other. 
Proof 

Projections of the sides of AABC are given by formulae 

V{BC) = r^cosai — raCosa2, V{AC) = rijCosbi — rb cos b2, V{AB) = rcCosci — rcCosc2. (5.5) 
Distances between centers of the circles have been defined as (see, (3.11), (3.12)), 

Oco = ''cC0SC2 + raC0Sa2, Oba = cos ai + Tb cos 62, Ocb — Tc COS Ci — r^ COS bi, (5.6) 

and, 

ViAC)=ViBC)+V{AB), 0^ = 0bc + 0ab. (5.7) 
Write the first main Relation I given by the set of equations 

To sin ai = rf, sin 62, Tc sin C2 = sin 02, Tc sin ci = rb sin bi , (5.8) 
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in a squared form, namely, 

222 222; 222 222 222 222i, 

r„ — r„ cos Oi = — r,^ cos 02, — cos C2 = r„ — r„ cos 02, — cos Ci = — cos Oi. 

(5.9) 

Then, for the squared distances O^j., i,k — a,b,c we have, 

^ca ~ ''^c '^2 + f^l COS^ a2 + COS C2ra COS 02, 

= cos^ ai + rl cos^ 62 + 2ra cos air^ cos 62, 
^c6 — '''c cos^ ci + rl cos^ 61 — 2rc cos ciVb cos 61 . (5.10) 
Combine equations (5.9) with (5.10), this leads to the following system of equations 

(a) Ol^ = rl-rl + 2ra cos 02 Oac, (b) Ol^ = rl-rl + 2rc cos C2 Oac, (5.11a) 

(«) Ol^rl-rl + 2ncosb2 0i^, (b) Ol^ rl - rl + 2r a cos ai Of,a, (5.116) 
(a) O^f, = r^' - r,' + 2re cos ciOcb, (6) O^f, = - r^' - 2r6 cos 61 Ocb- (5.11c) 
Prom these equations the cosines of the angles ai, 02, 61, 62, Ci, C2 are expressed: 

=C0Sa2, = C0SC2, 



2rfe Ofoa 2r„ 

" ''^cosci, ^ — -p- cos 61. (5.12) 



2rcOc6 2r6 Oct 

Having these formulae we may present the projection Vca as follows 

Vac = n cos bi - n cos 62 = 



2 Ocb 2 Oba 

( - Og, + rg - rg )0,„ - {Ol -rl + rj _ 

2 Ocb Oba 

Oyjba + rlOba - rl Oba - ( 01 -rl + rl ) O^b 



2 Ocb Oba 

- OlOba + rlOba - rl Oba - OlOcb + rlOcb - rl Ocb 



2 Ocb Oba 

The first ratio is presented as follows 

Hea - 0.lPU OcL + Ol,a) + liOl>a d - O,,) + dO. 



cb 



Oca 2 Ocb ObaOca 

- OchOba{ Oca) + rlOba ' {Oca) + rgOefe 
2 Ocb ObaO 

ca 

Now in the same way let us calculate the next ratio, S^. Formula for the projection evaluated 
as follows 

Vbc = ra cos ai - cos 02 = 
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( Ola - rl + - ( Ola - rl + rl ) _ 

20acOha 

( OlOae - rlOg, + rlOa, )-{ QjO^g - rgO,„ + rl 0,a ) _ 

20acOba 

( ObaOac (Qfeg - Oca) - rlOg, + rl Oq^ ) + rgOftg - rl 0,a ) 

20acOba 

Take into account —Ocb = O^a — Oac, hence, 



7^) 



6c 



( ObaOac (Ocfc) - rgOgc + (Ocfc) + rgOftg ) 
20acOba 

Now, calculate the ration 

Vbc ^ ( QbgOgc (Ocb) - rlOac + rg {0,b) + rgOfeg ) 

Of,c "^OacObaObc 

This expression coincides with (5.13), consequently, 

Obc Oca 

By taking into account (5.7), we arrive to the desired relations 

VjBC) _ VjAC) _ V{AB) 

Obc Oca Oab 



(5.14) 



(5.15) 



(5.16) 



End of proof. 

Now come back to designations introduced in Section 3. In these designations equations 
(5.16) are written as follows 

(5.17) 



Wo3 - Wo2 Vo3 + Vol Wol + Vo2 

Theorem 5.2 

The sides and the angles of triangle AABC satisfy the equations (5.1). 
Proof 

By using the designations introduced in Sec. 2 the system of equations (6.1) can be written 
as follows 

sinhg _ ra{woi - Voi) _ x ( Wpg - Wo2 ) ^ Wpi - Voi xyz 
sin a yz ' rbrc Wqs - ^102 rarbrc ' 

sinh b W02 -V02 y { ^03 + ^^oi ) ^02 - f 02 xyz 



sin 13 rb xz ' rare Vqs + ^-oi rarbrc ' 

sinh c wo3 - V03 z { woi + V02 ) wqs - ^os xyz 



sin 6 rc yx rbra wqi + V02 rarbrc 



(5.18) 
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It is seen, these equations contain a common factor which is symmetric with respect to a, b, c 
and x,y, z. Multiply all equations (5.17) by this factor. We arrive to equations (5.1). 

End of proof 

Theorem 5.3. 

The sides and the angles of triangle AABC satisfy the following equation. 

cos 6 = sin a sin /3 cosh c — cos a cos (3. (5.19) 

Proof. 

Evaluate the first term of the right-hand side of (5.19). 

sin a sin (3 cosh c = Oca Ocb (1 — cos c\ cos C2) = 

Tan 



ran '^TcOcb 2rc Oa 

^cb ^ ^'b + ^'c — I „ 



-Oca Ocb Oca Ocb 



ran rarb ^nOcb 2rc Oac 

1 „ „ 1 



Oca Ocb - -rr—. ( 04 - rt + ri){ Oi, - + rt ) 



rarb ^rarbr, 

^ ( ^OcaOcbrl-{Ol-rl + rl){Ol-rl + rl))^ 



^rarbrl 

( AOca Ocb rl - OlOl - ( Ol + Ol)rl + Olrl + Ol^rl). (5.20) 



c 

1 



Ararbrl 

Now calculate the product cos a cos ^ by using the following formulae 

coso; = l^{rl + ^6 - O^^), cos/3 = -^(^c + - Oi). 

We get 

cos « cos /5 - ^(r,2 + rl - Ol) ^(r,^ + - O^^J = 

^( a\0,^„ - ( Ol + Ol)rl - Olrl - OIjI). (5.21) 
By using equations (5.20) and (5.21) calculate the difference 

sin a sin /5 cosh c — cos a cos /5 = 

1 



40,„ - OlOl - ( 0,2, + Ol)rl + 0,Va + OlA)- 



Ararbrl 

' + OlOl - ( Ol + Ol)rl - Olrl - OlA) 



Arbrarl 



' {rl^rl-Ol,) 



'^rbra 

= cos5. (5.22) 

Thus, we got the equation (5.19). 
End of proof. 
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The other two equations, (5. 3) and (5.4), are proved analogously. 
Concluding remarks. 

We have seen that the hyperbolic trigonometry, like circular angle, gives arise in a natural 
way on the Euclidean plane. The hyperbolic description of the elements of the Euchdean plane 
has to be considered as a complementary tool of the Euchdean Geometry. This description 
provides with new insights into hidden nature of the Euclidean Geometry. 

The proofs of theorems "hyperbolic law of cosines I", "hyperbolic law of sines" and "hyper- 
bolic law od cosines 11" were based purely on elements of the Euclidean geometry. These laws 
express interrelations between distances of the circles, radii and angles between radiuses and 
X-axis. 

The method developed in this paper opens new pathway from Euclidean to hyperbolic 
geometry and can be used as an introduction into complex field of hyperbolic geometry. 

6 Appendix 

The task of this section is to reduce the expression 

V2W1 {wl + vl + {wq2 - f02)^ + {wqi - foi)^ ) - 2t>02t«0l(^«02 " ^'02)(^«01 " ^^Ol), (^-1) 

onto the expression 

2(r^ - voiWoi)( rl - ^;o2^^;o2 )• (^-2) 

By taking into account the equation V2 = wi and opening the brackets transform (A.l) into 
the following form 

vol ^02 + ^1 VI2 - 2 WQ2V02 wj ^ 

'^ll ^2 + ^01^2 - 2^01 Wol vl + 

^ V ' 

2i;o2«^oi«^02^^oi- 

Joint together terms marked by same under- and over- lines and take into account that 

wlwl + wl WI2 = vol fb 

vlv\ + vl^vl = vl rl 
- 2 VO02V02 wl - '2^Vo2Wq2 wli = -2? '02^02 rl 
- 2voiU'oi vl - 2uo2«^oit^oi = -2^01^01 r^. 

^ V ' ^ V ' 

The last term in (A. 3) represent as follows 

/r>22 22i22\ 

{2vq^Wqi = Vq^Wqi + V02WQ1 ). 
In this way we transform expression (A. 3) into the following form 

2t'o2^yoi^yo2t^oi 
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-2^;o2Wo2 rl - 2uoiWoi rl+ 

2 2 I 2 2 I 

Wi + r„+ 



•l^02«^01 + ^02«^01 • (^-4) 



Join term with same under- and over- lines taking into account that 

^"2*" 2 I '^2'''^2~' 2 2 

2 2,2 2 2 2 

Then, we fulfil to the following set of simple transformations 

2vo2'«;oi'u;o2foi 

-2vo2tOo2 rl - 2^01^01 rl 

I 2 2 I 22 
+Wi rf, + V2 r„ 

,22, 22 

+^02 ra + r^, = 

2D02WJ01^«02t^01 + 

-2i;o2Wo2 rl - 2z;oii(;oi rl 
K rl = 
2(^a - ^^oi«^oi)( rl - V02W02 ) 

End of proof. 
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